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Abstract. We consider variants of the Fréchet distance which are based
on integrating distances, as opposed to the regular Fréchet distance which
is based on the maximum of distances. Solving integral variants of the
Fréchet distance amounts so solving a calculus of variations problem,
which generally involves intricate mathematical processing of the prob-
lem, and it is in fact not well-suited for piecewise continuous curves such
as polylines, which are usually considered to be the input of choice.
We present a practical algorithm which approximates an summed (or
integral) variant of the Fréchet distance and we show empirically that
this approach produces solutions which converge to the optimum. For
this we employ a smart sampling strategy. Our approach does not require
any mathematical processing of the problem and it can be used to solve
certain types of more general calculus of variations problems as well.

1 Introduction

Let f , g be two piecewise linear curves in R
d consisting ofm and n line segments,

respectively. Let f , g : [0, 1] → R
d denote their natural parameterizations based

on arc-length. The Fréchet distance [2] is defined as:

δF (f , g) = inf
x,y:[0,1]→[0,1]

max
t∈[0,1]

||f ◦ x(t) − g ◦ y(t)|| (1)

where x, y range over continuous non-decreasing reparameterizations.
For a given constant ǫ ≥ 0, free space is defined as FSǫ(f , g) = {(s, t) ∈

[0, 1]2 | ||f (s)−g(t)|| ≤ ǫ}. The partition of the joint parameter space [0, 1]2 into
regions belonging or not belonging to FSǫ(f, g) is called the free space diagram.
Traditionally, the joint parameter space is parametrized according to the natural
arc-length parameterizations given by f and g. This space is visualized as an
m× n grid, each corresponding to one line segment on each of the curves.

Figure 1 shows polygonal curves f, g, a distance ǫ, and the corresponding
free space diagram with the free space Fǫ = Fǫ(f, g) indicated in white. Alt and
Godau [2] have shown that δF (f , g) ≤ ǫ if and only if there exists a bi-monotone
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path in FSǫ(f , g) from (0, 0) (1, 1). Such a curve corresponds to continuous
non-decreasing reparametrizations x and y. The decision problem is solved by
computing such a bi-monotone path using dynamic programming, and then op-
timizing using parametric search with Cole’s sorting trick.

f

g
ǫ

g

f

Fig. 1. Free space diagram for two polygonal curves f and g.

The Fréchet distance is defined as the maximum of individual distances. In
applications data usually contains outliers or noise, it is therefore not very stable.
Buchin [3] has investigated different variations of integral Fréchet distance, a
variant of the Fréchet distance which uses an integral, instead of the maximum,
and possibly also divides by a normalization factor in order to arrive at the
notion of an average Fréchet distance.

Any pair of continuous (re-)parameterizations of the polygonal curves f , g

can be interpreted as a transformation of the two curves, and hence it induces a
transformed joint parameter space. Clearly, identical traversals look different in
different parameter spaces. We therefore need to ensure that the solution to our
integral Fréchet problem is invariant over all different possible parameter spaces.
That is, a solution computed in one parameter space should correspond to a
solution computed in a different parameter space by applying the transformation
between those two spaces (see figure 2).

2 Integral Formulation

To motivate why some integrals are not invariant over all parameterizations,
consider finding the shortest path in the parameter space. We would look for a
path in parameter space which minimizes the following line integral

S =
1
∫

0

|ds|, where S is the arc-length of the path in parameter space and |.|

denotes the Euclidean norm. The differential arc-length is given by
|ds(t)| =

√

dx2 + dy2 =
√

ẋ2(t) + ẏ2(t)dt.
As shown in Figure 2, the solution to this problem is a straight line in the

parameter space connecting the corners. Figure 2 also shows that different pa-
rameter spaces, lead to different solutions – this integral is not invariant over all
parameter spaces.



tf = t′f

tg =
√

t′g t′g = t2g

t′f = tf(0, 0)

(1, 1) (1, 1)

(0, 0)

Fig. 2. Shows the two differing solutions obtained from two different parameter spaces
when trying to minimize the length of the path in parameter space. The solutions
are mapped into the other’s space to show they are distinct. The two dashed lines
correspond to the solution obtained using the left parameter space and mapped into
the right’s parameter space, respectively, and vice versa for the dotted lines.

2.1 Previously Proposed Integrals

Previously, asymmetric integrals were investigated for the definition of the inte-
gral Fréchet distance. Buchin [3] gives integrals in two different spaces: 1) the
“free space” (which we call the parameter space)1, and 2) image space. Ulti-
mately, we prefer the definition from image space and we show why this is a
preferred definition. The other noticeable difference in our formulation is that
we do not use an asymmetric integral as in [3]. The two types of integrals are
summarized in Table 1.

Buchin [3] points out that the two definitions (from image space and free
space) coincide when a parameter space is chosen such that both curves are
traversed at unit speed.2 This means that you must choose a specific parameter
space, whereas the integral specified over the image space is invariant over all
chosen parameter spaces.

There are competing arguments for either adopting the asymmetric versus
symmetric views–ultimately we show that the symmetric view is much more
general and thus preferred. As discussed below in section 3, to state in the
“normal” language of calculus of variations, the asymmetric view is required.
The biggest problem with the symmetric view is that there is no unique solution
for x(t) and y(t). However once you understand that these two functions, x(t) and
y(t), represent a particular path in the particular parameter space, it becomes
clear that a solution exists which is a set of (x, y) points in your particular
parameter space. This is why invariance is so important, because the solution
should not depend on the chosen parameter space.

1 Whenever we use the term free space we generally refer to a diagram created showing
the free space for two polygonal lines. The free space is a particular parameter space
and so we use the term parameter space in a more general sense.

2 This is actually only true when both curves are also of the same length (otherwise
they do not reach the end points at the same time).



There is a very subtle problem with the asymmetric view that can be ignored
when only monotone paths are considered. If you require that σ(t) be monotically
non-decreasing over the given interval then you limit yourself to paths which are
stricly monotonic. This can be thought of as “always making progress” (in the
parameter space, the direction is either up or right–never down or left). Mathe-
matically speaking, there is nothing forbidding σ(t) from being non-monotonic.
In fact, the asymmetric formulation could find non-monotonic solutions. Here in
lies the problem with the asymmetric view. The y value can go up and down,
but x must always march forward because it is specified by t–a monotonically
increasing function. This is sufficient so long as only one of the lines (x or y

in the parameter space) is traversed in a non-monotonic way3, but if both lines
should go backwards, then this cannot be captured. In the symmetric view, both
x and y can be non-monotonic functions–allowing fully non-monotonic paths.4

Image Space

∫

t
|f(t)− g(σ(t))| · |f ′(t) + σ̇(t)g′(σ(t))|dt Asymmetric

∫

t
|f (x(t))− g(y(t)| · |ẋ(t)|f ′(x(t)) + ẏ(t)g′(y(t))|dt Symmetric

Free Space

∫

t
|f (t)− g(σ(t))| · |1 + σ̇|dt

Asymmetric
∫

t
|f (t)− g(σ(t))|

√

1 + σ̇2(t)dt

Table 1. Table summarizing the different integrals. We adopt integrals from the image
space. We do not show the corresponding symmetric integrals for the free space, since
these are not used.

2.2 Integrals over the Image Space

We chose the integral specified for the image space because it has the feature
that it is invariant over all valid parameter spaces. The differential depicted in
Figure 3 corresponds to the following integral:

S =

∫

(|df |+ |dg|) |f − g| (2)

Given a path x(t)×y(t) 7→ f(x(t))×g(y(t)) in a particular parameter space,
(2) yields the following integral:

S =

∫

t

(|ẋ(t)f ′(x(t))| + |ẏ(t)g′(y(t))|) |f(x(t)) − g(y(t))|dt (3)

where f ′(t) = d
dt
f(t) and g′(t) = d

dt
g(t).

3 Although you would have to try both ways in the asymmetric view.
4 With our algorithm, the symmetric view can be easily applied to solve the problem
of monotonic only paths by imposing a transition condition on the edges.



~f (t)

~g(t)

~f (x1)

~f (x2)

~g(y1)

~g(y2)

Fig. 3. The differential consists of the average of the two distances (between each
curve) and the addition of the two differential distances along each respective curve.

Lemma 1. The integral given in equation 3 is invariant over all possible (mono-
tonicly non-decreasing) reparameterizations.

Proof. Let tf×tg 7→ f(tf )×g(tg) and t′f×t′g 7→ f2(t
′

f )×g2(t
′

g) be two parameter
spaces such that (t′f , t

′

g) = (α(tf ), β(tg)) and (f2(t
′

f ), g2(t
′

g)) = (f (tf ), g(tg)).
Let (tf , tg) = (x1(t), y1(t)) be a path in the first parameter space and let
(t′f , t

′

g) = (x2(t
′), y2(t

′)) = (α(x1(t)), β(y1(t)) be the corresponding path in
the second parameter space (where α(t) and β(t) are both monotonically non-
decreasing over the specified domain).

Using (3), the two integrals in the two different parameter spaces can be
written as:

S1 =

∫

t

(|ẋ1(t)f
′(x1(t))|+ |ẏ1(t)g

′(y1(t))|) |f(x1(t))− g(x2(t))|dt (4)

S2 =

∫

t′
(|ẋ2(t

′)f ′

2(x2(t
′))|+ |ẏ2(t

′)g′

2(y2(t
′))|) |f2(x2(t

′))− g2(y2(t
′))|dt′ (5)

Direct arithmetic substitution yields: ẋ2(t
′)dt′ = ẋ1(t)α̇(x1(t))dt and ẏ2(t

′)dt′ =
ẏ1(t)β̇(y1(t))dt, where α̇(t) = d

dt
α(t) and β̇(t) = d

dt
β(t). Also, f2(x2(t

′)) =
f(x1(t)) and g2(y2(t

′)) = g(y1(t)) as well as f ′

2(x2(t
′)) = f ′

2(α(x1(t))) =
f ′(x1(t))
α̇(x1(t))

and g′

2(y2(t
′)) = g′

2(β(y1(t))) = g′(y1(t))

β̇(y1(t)))
. Now, directly substituting

into (5) yields S2 = S1. ⊓⊔

2.3 Monotonicity

It is stated in lemma 1 that α and β must be monotonically non-decreasing
functions. However there is no such restriction on the functions which specify
the path x(t) and y(t). This can be easily understood by the fact that a non-
monotone path, (x(t), y(t)), will remain non-monotone in a different parameter
space so long as the transformation between the two parameter spaces is (itself)



monotone. This would not be true if non-monotonic reparameterizations were
allowed!

Because of this fact, it’s unclear whether or not one should put a monotonic
constraint on the solution path in the parameter space. For this reason, in section
5.1 we present both solutions.

3 Calculus of Variations

Because this is stated in the form of a calculus of variations problem, it is help-
ful to discuss some preliminaries. We also discuss why some simple numerical
techniques are inappropriate for solving this calculus of variations problem.

There are two ways this problem can be stated in the language of calculus
of variations. Given x(t) × y(t) 7→ f(x(t)) × g(y(t)), we wish to minimize the
following integral over all possible functions x(t) and y(t):

S =

∫

t

(|ẋ(t)f ′(x(t))| + |ẏ(t)g′(y(t))|) |f(x(t)) − g(y(t))| dt

However, there is a serious problem with this formulation because there is no
unique solution. The infinite possible (equivalent) solutions amount to all of the
possible different reparameterizations – in a different parameter space one can
choose a different yet equivalent function for x(t) and y(t). Instead we should
use the asymmetric version of the integral:

S =

∫

x

(|f ′(x)| + |σ′(x)g′(σ(x))|) |f (x)− g(σ(x))| dx (6)

Now calculus of variations is a suitable means to find σ(x) and thus the path
in parameter space.

Given an integral of the form
∫

t
h(x, ẋ, t)dt, the functions which give rise to

a minimum (of the integral) satisfy the following differential equation (known as
the Euler-Lagrange equation):

d

dt

(

∂h

∂ẋ

)

−
∂h

∂x
= 0 (7)

In our case, the functions f (t) and g(t) (which are used to form h(x, ẋ, t) for
our problem) are both non-differentiable because they are defined as piecewise
linear (so the derivative is ill-defined at the vertexes). The main problem that
this presents is that it is not clear that the Euler-Lagrange equation applies
for non-differentiable functions. This suggests that integrating methods are not
likely to work well for this particular problem.5 Furthermore, it is clear that

5 We implemented a simple numerical integrator for solving calculus of variations
problems (which did not require derivatives)[1]. The method worked for some simple
calculus of variations problems but failed to find a solution for the integral Fréchet
problem.



this problem cannot be stated in terms of a “normal” calculus of variations
problems (i.e. equation 6 cannot be used to find non-monotonic solutions). While
there are calculus of variations techniques that could probably be used to solve
this problem, this problem does not lend itself well to plugging into a current
algorithm written to solve calculus of variations problems (i.e. the methods would
have to be adapted in a highly customized way to solve this problem).

4 Shortest Path Algorithm

A calculus of variations problem can be thought of as a shortest path problem.
Depending on the function you choose (assuming a 1-dimensional problem), you
get different paths (in our case in the parameter space). Each path has a value
attached to it which is the evaluation of a path integral. To find the optimum
solution is just a matter of constructing all possible paths and choosing the path
that has the minimum path integral.

Obviously, there are an infinite number of paths to choose from and thus it
would be impossible to actually construct all possible paths. We can restrict the
number of possible paths by discretizing the domain–with a rectangular lattice
of points. We will first see that a simple rectangular graph is insufficient. We
then show how to solve this problem by adding more edges.

4.1 Rectangular Grid

It is intuitive that given a rectangular grid of points, we can approximate many
different paths and thus simply connecting all of the points, as in Figure 4i.)
should give a space in which we can search for the shortest path. However,
Figures 4i.) and 4ii.) demonstrate that this method fails for the simplest of
problems–finding the shortest path in real space (according to the Euclidean
distance between nodes).

i. ii. iii.

Fig. 4. i.) shows a non-unique (and incorrect) solution when only connecting adjacent
nodes with edges; ii.) shows the unique solution to the shortest path problem when
more edges are added; iii.) shows that the diagonals are not enough, in general, to
exactly solve even the shortest path problem. Two approximate solutions are shown in
bold and the exact solution is represented by the dashed line.



So, why does the simple rectangular grid fail to find the shortest path? To
get some insight, the integral we wish to minimize is as follows:

∫

S

|dS| =

∫

t

√

1 + ẏ2(t)dt

This integral depends on the value of ẏ(t). If we look at each edge in the left
rectangular graph of Figure 4i.), we see that there are only three choices for the
value of ẏ(t): 0 and ±∞. Obviously, the graph from Figure 4ii.) still has this
problem, but now we have five choices for ẏ(t): 0, ±1, ±∞. It just so happens
that the diagonal is the optimum path, so this correctly solves the problem.
Figure 4iii.) shows that having only diagonal edges is not enough, even for the
simple shortest path problem. Even so, it should be clear that this solution is
much closer than what would be obtained without the diagonal edges–adding
more edges should lead to better solutions. In this particular problem (when the
solution is a straight line), it can be seen that by adding only diagonal edges you
can converge to the actual solution. Clearly making the lattice finer (in Figure
4iii.)), would make the error smaller and in fact, would become negligible–by
adding only diagonals, one can approximate straight lines.

4.2 Extended Graph Algorithm

The obvious solution to the above problem is to add more edges (somehow).
Adding more edges, effectively increases the number of possibilities for the
derivative of the path. Another way to understand this is that the Euler-Lagrange
equation gives the optimal direction for the function to move in. By adding more
edges, we essentially allow ourselves to get closer to the actual optimum direc-
tion.

To add more edges, we simply extend each node so that it reaches out to more
than just its immediate neighbors (as is the case when we only draw diagonals).
We define a bounding box to determine which edges are connected as in Figure
5 (left).6

To construct the graph, these edges are added to each node making the graph
strongly connected (if you allow edges in all directions) as shown for a bounding
box of size two in Figure 5 (right).

4.3 Computing Edge Weights

Each edge is a piece of a path. Thus the weight for each edge is that edge’s
contribution to the path integral. We use a trapezoid rule to approximate the
path integral as follows:

6 Obviously, the edges become longer as the size of the bounding box is increased.
This means that a very large bounding box requires a finer lattice of points. Since in
practice a bounding box of size 5 is generally sufficient, this is not really a problem.



Fig. 5. Left: Edges constructed using a bounding box of radius four in the first quad-
rant (there would also be edges in the other three quadrants). Only edges for which
each component of the addition vector (from the originating node) is relatively prime
are added. Right: Example of a graph with bounding box of size 2. The bounding box
is determined before graph construction. In practice, the number of nodes is very large,
while a bounding box of size 5 is generally sufficient (independent of the graph size).

t+∆t
∫

t

f(t)dt ≈
f(t) + f(t+∆t)

2
∆t

We have to be a little careful here. First, the function f will, for calculus of
variations problems, generally depend on not just t, but also on y and ẏ. For
most calculus of variations problems, we can assume that the graph represents
a grid of points where the x-axis is the t variable and the y-axis is the value of
y (at that t value). So, given the two points (t, y) and (t+∆t, y +∆y), we can
define dt ≈ ∆t and ẏ ≈ ∆y

∆t
.

4.4 Edge Weights for Integral Fréchet

Unfortunately, the above formulation is not really suitable for solving the in-
tegral Fréchet problem. The integral Fréchet problem permits a more implicit
formulation of the integral. Each (x, y) point in the parameter space corresponds
to a point along each of the two curves given by f(x) and g(y). Now, given two
points in the parameter space, (x, y) and (x+∆x, y +∆y), we can use:

f1 = f(x),f2 = f(x +∆x)

g1 = g(y), g2 = g(y +∆y)

|∆f | = |f2 − f1|, |∆g| = |g2 − g1|

d1 = |f1 − g1|, d2 = |f2 − g2|

This yields the following approximation:



(x+∆x,y+∆y)
∫

(x,y)

|f − g| (|df |+ |dg|) ≈
d1 + d2

2
(|∆f |+ |∆g|) (8)

Now, to solve the integral Fréchet problem, it is a matter of setting up the
graph, calculating the weights for all of the edges, and, finally, running a short-
est path procedure on the graph to find the shortest path between the source
node, (0, 0), and destination node, (1, 1).7 Since the integrand is monotonically
increasing, we can be assured that all edge weights are positive or zero, thus we
can use Dijkstra’s shortest path algorithm to find the shortest path.8

5 Results

In this section we present our results. We first show the results for an example of
the integral Fréchet problem and then we give an example of a simple calculus
of variations problem to illustrate the need for extra edges.

5.1 Integral Fréchet

i. ii. iii.

ǫ

Fig. 6. Example of (i.) two polygonal lines and the corresponding (ii.) monotone only,
and (iii.) non-monotone allowed solutions. The solution paths are bolded inside the
free space diagrams. The distance ǫ is given as a reference for free space diagrams
displayed–this is irrelevant in finding the solution (i.e. the paths would look the same
in any free space diagram).

We will look at the problem summarized in figure 6 to see how the solution
varies when we change the parameters for the size of the graph (number of

7 Assuming the parameter space has been normalized so that both curves’ initial point
is given by f (0) and g(0) and final point by f(1) and g(1), respectively.

8 Because there are a finite number of edges, even a general calculus of variations
problem can be restated so that it produces non-negative edge weights and thus we
can still use Dijkstra.



nodes) and the size of the bounding boxes. The number of edges in the graph
are approximately constant (determined by the bounding box size) times the
number of nodes.

Table 2 summarizes the run times (in seconds) for various different param-
eters. As should be expected, the non-monotonic search takes about four times
longer (when the parameters are the same), since it has to search in all four
quadrants.

Time (s) n r

0.019
100 5

0.066

0.127
250 5

0.447

0.523
500 5

1.823

Time (s) n r

0.009
100 3

0.029

0.062
250 3

0.189

0.265
500 3

0.768

Time (s) n r

0.006
100 1

0.013

0.027
250 1

0.056

0.118
500 1

0.228

Table 2. Run Times for various parameters. The first time (smaller) is for monotone
paths and the second (larger) is when non-monotone paths are allowed. In each case,
a square sampling is used (i.e. n × n) which means there are n2 nodes. The radius of
the bouding box is given by r.

Figure 7 shows the effect of adding more nodes. When the number of nodes
was given by a 100 × 100 sampling the line is jagged–showing artifacts of the
discrete grid. However, even by 250× 250 the solution has essentially converged
to the solution.

n = 100, r = 1 n = 250, r = 1 n = 500, r = 1

Fig. 7. Shows the solution (when non-monotone paths are allowed) when a bounding
box of a radius 1 (meaning adjacent and diagonal nodes are connected) for various
number of nodes. Again in each case the number of nodes is actually n2.

Finally figure 8 shows that just by adding diagonals (r = 1) to the rectangular
grid was good enough to solve this problem. This offers a very large speed up
compared to the larger bounding boxes. This is likely due to the fact that the
solution [for polygonal lines] to the integral Fréchet problem (minimizing the
integral from equation 2) appears to be a polygonal line in the free space. As
discussed before the diagonals can approximate straight lines if we increase the
granularity of the nodes.



n = 250, r = 1 n = 250, r = 3 n = 250, r = 5

Fig. 8. Shows the different the solutions (for monotone paths) for various different
bounding box sizes. It is clear that a bounding box of size 1 is sufficient for this
problem–increasing the radius does not improve upon the solution (similar results
would be seen from the non-monotonic solutions).

5.2 Constant Gravity Problem

We present the following solution to an extremely simple calculus of variations
problem to demonstrate 1) that our solution is correct for the integral Fréchet
problem, 2) the effect of the bounding box on more complicated problems, and 3)
the potential for this algorithm to solve general calculus of variations problems.
We chose the following problem because it has a well known (and easily obtained)
analytic solution–a parabola.

r = 1 r = 2

r = 3 r = 4 r = 5

Fig. 9. Each of the figures shows the solution for the same problem, g = 8 from
(0, 0) 7→ (1, 0), using the same number of nodes (100× 100) but varying the radius (r)
of the bounding box. The expected solution is a parabola which “fills” the window (as
is the case when r = 4 and r = 5).



Modern mechanics is described in the language of calculus of variations. It
turns out that the equations of motion can be obtained by finding the path that
minimizes an action:

S =

∫

t

Ldt (9)

where L = T − U is the Lagrangian; the kinetic energy minus the potential
energy. For the constant gravity problem, the corresponding Lagrangian and the
differential equation obtained from the Euler-Lagrange equations are as follows:

L =
1

2
mẋ2 −mgx (10)

ẍ+ g = 0 (11)

The general solution to this differential equation is a parabola: x(t) = x0 +
v0t −

1
2gt

2. The particular problem we will solve is to create a parabola which
starts at height 0 and ends and height 0, takes 1 time unit, and whose maximum
height is 1 (this way the parabola should fit nicely into a 1 × 1 grid). It can be
shown that g = 8 will produce this scenario.

Figure 9 shows that given a sufficiently large bounding box (r = 5 in this
case), that the method used to solve the integral Fréchet can also be used to
solve more general calculus of variation problems. This figure also shows the
necessity for more than just the diagonal edges for a general problem. You can
see in each figure that the graph is attempting to get as close as it can to a
parabola, but, for instance, in the case of r = 1 (diagonals only), it can only
produce straight lines. It cannot reproduce a derivative which changes (i.e. gets
steeper or shallower), whereas by adding more edges (i.e. r = 4 and r = 5) it
can get closer to a parabola.

6 Conclusion

We have presented an algorithm for solving the integral Fréchet problem (as
defined in this paper). We also showed why certain forms of the integral to be
minimized are preferred (invariance over different parameter spaces). In solving
this problem, it was realized that we are solving a particular problem in calculus
of variations and, indeed, the algorithm presented was shown to be suitable for
(at least) some calculus of variations problems–further investigation is needed
to understand what types of problems this algorithm is suitable for.9

It is unlikely that this algorithm would replace current calculus of variations
techniques since it is likely less efficient than state of the art techniques. However,
current techniques can be highly influenced by initial conditions, which may be

9 We have verified many different calculus of variations problems with known solutions.
Problems which lead to cyclic solutions seem to pose a challenge for this algorithm.



difficult to find. This algorithm could be used to generate initial conditions which
could be used in conjunction with more sophisticated techniques to generate a
highly precise solution.

References

1. B. T. Allen. An investigation into direct numerical methods for solving some calculus
of variations problems. Part 1 — Second order methods. The Computer Journal,
9(2):205–210, August 1966.

2. H. Alt and M. Godau. Computing the Fréchet distance between two polygonal
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